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Abstract

The Markov binomial distribution is approximated by the Poisson distribution with
the same mean, by a translated Poisson distribution and by two-parametric Poisson type
signed measures. Using an adaptation of Le Cam’s operator technique, estimates of
accuracy are proved for the total variation, local, and Wasserstein norms. In a special
case, asymptotically sharp constants are obtained. For some auxiliary results, we used
Stein’s method.
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1 Introduction

The Markov binomial distribution plays an important role in probability theory. Frequently,
it is approximated by the compound Poisson distribution, see, for example, [9, 10, 14, 18,
21, 30, 32, 33] and the references therein. For papers dealing with related problems, see, for
example, [7, 12, 17, 31, 35]. On the other hand, Poisson approximation of the non-stationary
Markov binomial distribution was not thoroughly investigated, see [29] and [9].

The purpose of this paper is the estimation of accuracy of Poisson approximation and
various two-parametric Poisson type approximations to the Markov binomial distribution.
In particular, we consider a second-order Poisson asymptotic expansion, a translated Poisson
distribution and a signed compound Poisson measure. Note that, to some extent, the last
two can be viewed as lattice counterparts of the normal distribution. Though we usually

assume that certain transition probabilities are small, we allow them to be constants, thus
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including the case which is usually associated with the normal approximation. The estimates
are obtained in the total variation, local, and Wasserstein norms. In a special case, we derive
asymptotically sharp constants. The proofs are based on an adaptation of Le Cam’s operator
technique. For some auxiliary results, we used Stein’s method.

We need the following notation. Let I denote the distribution concentrated at an integer

k € Z and set I = Iy. Throughout this paper, we use the abbreviation
U=1 -1 (1)

In what follows, let V' and W be two finite signed measures on Z. Products and powers of
V, W are understood in the convolution sense, i.e. VIW{A} = "2 V{A—k}W{k} for
a set A C Z; further W% = I. Here and henceforth, we write W{k} for W{{k}}, (k € Z).

The total variation norm, the local norm, and the Wasserstein norm of W are denoted by

wi= > [W{k}, ||W”oo=z1£|w{k}|v IWliwass = > [W{(—00, K]},

k=—00 k=—00

respectively. Using the simple equality
IUW [[Wass = W], (2)

it is possible to switch from the Wasserstein norm to the total variation norm. The logarithm

and exponential of W are given by

L (—1)kH? =1
ln(I—i—W)—Z(]sz (if |W] < 1), eW:exp{W}:ZHWk.
k=1 k=0
AU

In particular, Pois(A) = e*” is the Poisson distribution with parameter A € [0,00). Note

that
[VWloo < IVIHW oo, VW < [[VIIIIW], ]| < ™I,

Let W(t) (t € R) be the Fourier transform of . We denote by C positive absolute constants.
The letter © stands for any finite signed measure on Z satisfying ||©] < 1. The values

of C' and © can vary from line to line, or even within the same line. For x € R and

EeN={1,2,3,...}, we set

(i) :%x(:pq)...(;ﬂwﬂ), <g> 1

Let &y,&1,...,&n, ... be a Markov chain with the initial distribution
Po=1)=po, P =0)=1-po, po€[0,1]

and transition probabilities

i =0[&-1=1) =g,

(
(§i=0[&-1=0) =P,
€(0,1), ieN.

P =1|&1=0)=7,

P& =1|&-1=1)=p, P
P
p+tq=q+p=1, D, q
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The distribution of S, = & + -+ &, (n € N) is called the Markov binomial distribution.
We denote it by F,, that is P(S,, = m) = F,{m} for m € Z, = NU {0}. We should note
that the definition of the Markov binomial distribution slightly varies from paper to paper,
see [14, 29, 32]. Sometimes & is added to S, or stationarity of the chain is assumed. For
example, Dobrushin [14] assumed that pg = 1 and considered S,,—1 + 1. However, if p = g,
then Dobrushin’s Markov binomial distribution becomes a binomial distribution shifted by
unity. This is not very natural, since we want the Markov binomial distribution to be a
generalization of the binomial one. Therefore, we use the definition above which contains
the binomial distribution as a special case. Moreover, it obviously allows the rewriting of
our results for S,,_1 + 1.

Further on, we need various characteristics of .S,,. Let

q 2qq (p — q) _ qq (@ + q(q — p))
v, = ——, Vo = ——————, v3 = 6(q — —
! q+7q 7 (g+q)? 3=6@-p) (q+79)°
a2 - _
A, = 12 3q6£2m7 A, = @=P)n—po)
2(q+7q) (¢+79)
q—p viq
Ay, = L2 — —1)).
2 = el t - 2m)

Note that ¢ +¢ > 0. From Lemma 4.4 below, it follows that

ES, = nn+A—Ai(p-0q",
VarS, = n(vp+uv —vi) + A — A3 4+ 24,

_=\n q—9q 2 _ YO .
)" 2ndy AR - (-0 - A zAQ]

2 Known results

It is known that a suitably normalized binomial distribution can have only two non-degenerate
limit laws — the normal and the Poisson one. In contrast, S,, has seven different limit laws,
see [14, Table 1]. However, as already noted above, the compound Poisson approximation
dominates the field of research. Such a limit occurs, for example, when ng — A € (0,00)
and p — b € (0,1). Consequently, we cannot expect that Poisson approximation is good for
g < p. However, if p and § are of similar magnitude, we show that Poisson approximation
can be sufficiently accurate, see Theorem 3.1 below.

The Markov binomial distribution is a generalization of the binomial one. Let us therefore
recall the classical Poisson approximation bound for the binomial distribution. Let p € (0, 1].

Then
- - " 1
1((1 — p)I + 11)"™ — Pois(np)|| < 2§ min(1, np) = 2np? min (1, i), (3)
np

see [4, formula (1.23), p. 8]. Speaking in terms of Barbour et al. [4, Introduction], the factor

(np)~! is the 'magic factor’. In fact, it often implies satisfactory accuracy but is difficult to
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obtain. It should be mentioned that the estimate 2np? is principally due to Khintchine [20]
and Doeblin [15] (see also [23, p. 1183]), whereas the bound 2p can be called the Prokhorov
type bound, since Prokhorov [24] was the first to get the estimate Cp.

Estimates similar to (3) also hold for the Markov binomial distribution. Let us consider
the stationary Markov chain, that is, let pg = v1. Then, as follows from the more general
result [4, Theorem 8.H and Example 8.5.4], we have

2 2qlp — g
|~ Pois(BS,)]| < (1= e (q + M). (4)
The right-hand side of (4) is of the order O((p + ) min(1,ng)), if p and g are bounded away
from unity. Consequently, if p is close to g, then the estimate (4) is a direct analogue of (3).
However, the stationarity of the chain means that py = ;. In this paper, we investigate the
case when pg is arbitrary.
Cekanavicius and Mikalauskas [9, Theorem 3.2] obtained an estimate which holds for any

po € [0,1] and which contains a magic factor. If the condition

1 1

giv Si 5
=50 IS 30 (5)

is satisfied, then

| By — Pois(nw)| < C (p+7) min(1,ng) + C |p — g/ min (1, (6)

1
)
In principle, here, the condition (5) can be dropped, since otherwise the right-hand side
of (6) becomes greater than some absolute constant, whereas the left-hand side is in any
case bounded by 2. On the other hand, for the results below, (5) is also assumed, where it is
unclear whether it is superfluous. Note that, though condition (5) requires the smallness of
p and @, it allows for both parameters to be constants. In [8, Corollary 3] it was shown that,
for pg = 1, ng > 1 and (p+7q)? < |p—7q| the estimate (6) is of the right order. Estimate (6) is
uniform over pg in a sense, that the right-hand side of (6) does not depend on py. However,
this means that, for some values of pp, the estimate (6) can be too rough. Indeed, let us
consider the stationary case and p = O(n~/?) and § = O(n~2). Then (4) and (6) are of the
order O(n=3/2) and O(n~'/2), respectively.

To the best of our knowledge, the second-order Poisson approximation to the Markov
binomial distribution was not considered previously. In contrast, two-parametric signed com-
pound Poisson measures were used. It should be mentioned that, for sums of independent
random variables, such approximations of general order were investigated in numerous pa-
pers, see, for example, [2, 22, 28], and the references therein. In the present context, there
is a result of Cekanavicius and Mikalauskas [9, formula (3.7)], which tells us that, if (5) is
satisfied, then

Fn—exp{nle+ny2;IJ%U2}H < C (p+q)? min (nq, é) +C |p—q| min <1, \/17() (7)

3
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In contrast to (6), the bound in (7) can be small if n is large without supposing the smallness
of p and g. On the other hand, the approximation in (7) is not a distribution but a signed
measure, which might be less preferable in applications, see, for example, the discussion in
[6, p. 1375].

There are other two-parametric Poisson type approximations, which differ from the sec-
ond order asymptotic expansion and signed compound Poisson measure. Kruopis [22] pro-
posed to use a suitably translated Poisson distribution. Such translated approximations
are comparable to the normal distribution and can be accurate, when the standard Poisson
approximation fails, see [2, 11, 25].

The choice of parameters for the translated Poisson approximating distribution is de-
termined by the following considerations. Let us take the normal characteristic function
exp{uit — 0?t?/2} and replace —t2/2 by e’ — 1 — it. We get the characteristic function
exp{uit +o?(elt —1—it)} = exp{(u—0?)it +o2(e’ — 1)} of a translated Poisson distribution.
However, in view of the norms used in this paper, we need approximations concentrated on
integers. Therefore, we translate the Poisson distribution by an integer quantity and add
some fractional part to the Poisson parameter for compensation. For y € R and ¢ € [0, ),
set

TPois(u, 0) = I, 2| Pois(c” + §).

2

Here |1 — 02| and § denote the integer and fractional parts of u — o2, respectively, i.e.

p—o®=|u—o? +9, Je0,1), Ll —o?] € Z. (8)

As an example of translated Poisson approximation to the binomial distribution, we formu-
late an analogue of Theorem 2 from [22] for the total variation norm. Let p € (0,1/2] and
np > 1. Then

(1= D) +h)" — TPois(np, /i1 ~ D)l < (L= + ). 9)

Vnp P

see [2, Corollary 3.2 and discussion thereafter]. Note that recently Barbour and Lindvall [5]
applied the translated Poisson approximation to Markov chains. However, for the Markov
binomial distribution, their results apparently do not allow explicit estimates in terms of p
and g. It should be noted that Goldstein and Xia [19] introduced a new family of discrete
distributions which includes translated Poisson distribution as a special case. It was shown
that the members of the family can be used for approximation of the distribution of the sum

of independent integer-valued random variables in total variation.

3 Results

The main goal of this paper is to investigate various second-order Poisson type approxima-

tions to the Markov binomial law containing magic factors. For this, we make use of the
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explicit structure of F,, and assume (5). For completeness of investigation we begin from a
slight improvement of (6). In (6), the parameter of the approximating Poisson distribution
was chosen as one of the parts of ES,,, which grows when n — oo and the remaining param-
eters are some absolute constants. The next result shows that Poisson approximation with

exactly the same mean can improve the accuracy.

Theorem 3.1 If (5) is satisfied, then

. _ _ _ _ ) 1
|F = Pois(BS,)I| < C(na(p+7) + |p — al(pop + 1)) min (1, o ). (10)
1
o < o . N
|, — Pois(ES,) o < C(ng(p+79) + |p — gl(pop + g)) min (1, na\/@), (11)
. _ _ _ _ . 1
| — Pois(ESy) [wass < C(ng(p+79) + [p — q|(pop + 7)) min (1, NG ) (12)

Note that Theorem 3.1 remains valid if Pois(ES,,) is replaced by Pois(nv; + Aj), see (47)
below. For the stationary case, estimate (10) is of the order O((p + g) min(1,ng)). This is
the same order of accuracy as in (4). It can be seen that, in view of the bounds, stationary
and non-stationary cases can be different for small values of § only. Meanwhile, for the case
ng > 1, both estimates are of the order O(p + q). We note that, if ng > 1 then in (10) the
assumption (5) can be dropped. Indeed, if (5) is not valid, then p + G is greater than some
absolute constant, meanwhile the left-hand side of (10) is always less or equal to 2.

Due to the method of proof, the absolute constants in Theorem 3.1 are not given explicitly.

However, in a special case, we can calculate asymptotically sharp constants.

Theorem 3.2 Let condition (5) be satisfied and let ng > 1. Then

. 4A0 _ _ 1
_ _ < _—
’HFn Pois(ES,,)|| Jomel S C(p+79) <p +q+ \/7TQ>7 (13)
: A +7q _ 1
‘HFn - POIS(ESH)HOO - \/%lel < C% (p +q+ \/T—a)a (14)
) 2A9\/nv _ — _ 1
(17— Pois(ESy)l[wass — o < Cp+a)vma(p+a+ —ﬁ). (15)

As a consequence of (13), we note that, if p+g¢ = O(|2p — 3q|), p — 0, ¢ — 0, and
ng — oo, then ||F, — Pois(ES,)|| ~ 22p — 3q|/v2me. If, in addition p = g, we have
a Poisson approximation of the binomial distribution and (13) principally coincides with a
result obtained by Prokhorov [24, Theorem 2]. The same applies for the local and Wasserstein
norms, see, for example, [26, formula (32) and discussion thereafter].

The remaining results are devoted to two-parametric approximations. Here we expect
better upper bounds, since, in contrast to the simpler Poisson approximation, we can match
mean and variance of F,,. We begin with the second-order Poisson approximation. Recall

that U is defined in (1). Let My = 2~ !(VarS,, — ES,,)U>.
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Theorem 3.3 If (5) is satisfied, then

|| Ey, — Pois(ESy,) (I + M)l

< Co+a) -+ +lp—alop+ ) min (1, ). (16)
|y — Pois(BS,) (1 + Mo) o

< Clo+n)map+0) +lp—aln+1)min (L——). (7
|| Fy — Pois(ES,) (I + Mp) || wass

< Co+almr+a+b-dop+)mn(Lo=).  (3)

Note that, in the case n > 2, Theorem 3.3 also holds, if we replace Pois(ES,,) by Pois(nv; +
Aj) and My by My =271 (n(ve — v?) — A} + 2A5) U?, see (47) below.

Now, let us consider the translated Poisson approximation. Though it is possible to use
ES,, and VarS,, as parameters, for simplicity, we shall drop the parts of the moments which

are, at least, exponentially vanishing. Therefore, let
uw=mnv + Aj, 0'2:7'1,(1/2+V1—V%)+A1—A%+2A2. (19)

As shown in the following theorem, the translated Poisson approximation gives a bound

similar to that of (9).

Theorem 3.4 Let condition (5) be satisfied and let ng > 1. Then

C 1
F,, — TPois(p, < — i+ —=), 2
B = Tos(uo)l < = (p+a+ ) (20)
C 1
— TPoi < Zlp+g+—),
[ba% ois(1, 0) || oo n§<p+q+@> (21)
1
— TPoi < T+ —).
| Ey, — TPois(p, 0)||[Wass < C(p+q+m> (22)

If G is an absolute constant, then the estimate (20) is of order O(n~/2), which, in this case,
is impossible for non-shifted Poisson approximation, see (10) and (16). If p =g, then, up to
constants, (20) coincides with (9).

Finally, we formulate a result for the signed compound Poisson measure. Let p and o2

be defined as in (19) and set
2 _
SPois(u,0) = exp{uU + UT'LL UQ}.

Theorem 3.5 Let condition (5) be satisfied and let n > 2. Then

. IV PR 1
1F — SPois(p, o) < C(p+7)(nd(p+9) + [p — 7l(pop + 7)) min (l,na\/@), (23)
|F = SPois( 0)loo < C (p+)(nalp +7) + Ip — al(pop + 7)) min (1, (nz)z), (24)
I = SPois(. )l < C(p+0) (0o +) + lp = al(pup + D) min (1, 2). (25)
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We note that direct calculations show that, for n = 1, (23)—(25) remain valid, if the right-
hand sides are replaced by the larger value C((p+q)3+ (p—¢)?). It can be seen that, for the

case ng > 1, the upper bound in (23) has an additional multiplier (n@)_l/ 2

in comparison
with (16), which means an essential improvement in accuracy of approximation. Moreover,
SPois(u, o) is more accurate than the signed approximation used in (7). Indeed, in the
stationary case py = v, if p = O(n~'/?) and § = O(n~2), then the upper bounds in (23)
and (7) are of order O(n~2) and O(n~'/2), respectively. Finally, it is easy to check that, if
p = o(1), ¢ = o(1), and ng > 1, then SPois(p, o) is more accurate than TPois(u, o). The
main advantage of TPois(u, o) over SPois(u, o) is the fact that it is a distribution and is

simpler structured.

4 Auxiliary results
In the following two lemmas, C'(k) denotes an absolute positive constant depending on k.

Lemma 4.1 Lett € (0,00) and k € Z,. Then we have

O(k)

) ) |U%e Hoo<W-

3
et <=, Uk < (5

The first inequality was proved in [27, Lemma 3]. The second bound follows from formula
(3.8) in [13] and the properties of the total variation norm. Here and throughout this paper,
we set 0° = 1. The third relation is a simple consequence of the formula of inversion. Our

asymptotically sharp results require the following lemma. Set

1 a2 dk
wo(x) = Wer e /2, or(z) = TE vo(x) (keN, z eR),
x|l = / lor(z)| d, l¢klloo = sup @r(z)| (k€ Z4).
R z€R

Lemma 4.2 Lett € (0,00) and k € Z,. Then we have

‘HUketUH _ H‘Pk”l < C(k)

/2 tk+1)/27
k tU [l lloo C(k)
’”U e loo = +(k+1)/2 S th/2+17

k tU ler—1ll1 C(k)
05 lwas — 5| < T R0,

The proof trivially follows from the more general Proposition 4 of [26] together with (2).

The next lemma is devoted to some properties of the characteristic function of F,.
Lemma 4.3 Let (5) be satisfied. Then

Fu(t) = AT () Wi(t) + A5 (£) Wa(t), (26)
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where
~ eit +7iﬁ1/2 ¢
Ratt) = =55 4, (27)
W _ pofpatatpE =1y 1-po q+3q+ (27— p)(e — 1)
Wia() = 2(1+ B )+ (1 S ). @8)
D(t) = (pe"+p)*+4e(g—p)

= (14g+2v(e —1) -

(1 AL 1y
(1+7+ 2v(elt — 1) — pelt)?

Here, for 7\1 and Wl, we use the sign +°, and, for KQ and /Wg, the sign —’.

Proof. Expression (26) was already used in [9]. However, the comment on its derivation
was very short. Therefore, for the sake of completeness, we give a more detailed explanation

on how (26)—(29) are obtained. Using the standard matrix product, we obtain
- ~. 1 . peit q
Fa(t) = (po, 1 = po) P (1) o PO=1_, )
1 ge” p

see [16] or, for example, [34]. Now, we can apply the standard spectral decomposition of
matrices. Under condition (5), we have two different eigenvalues Kl’z(t) of P(t). In fact, for

J=12,

P(t)Z = A, (t) &;, grP(t) = A1) g, gl =1,

7 = (zj1,752) = (¢(A;(t) — ). qze™),
o | Ajt) - L
A o) = (G a0 P e )

It is now easy to check that P™(t) = K?(t) T+ /A\g(t) To7s and

W;it) = poxji(yjr +yj2) + (1 — po)zj2(yj1 + yj2)
_ L, B0 =3 (0) PED gy, 2" (,() ~p+q)
agel + (A;(t) — p)* aze + (A;() — p)?

The proof is easily completed. O
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Due to Lemma 4.3, F), can be decomposed into several signed measures. Let condition (5)

be satisfied. Then F;, = A7W; 4+ A5Ws, where
-1/2\, -1/2\
Wis = Ii[(q+Q)I+pUHZ ; +(1—po)(@— pUHZ )
Jj=0 j=0

1/2
A = T+0U+uv(p—v)U?H + 8% (p—11)*U'B H4Z<§> ,
j=2

Ay = (I/l—a)l—l-( —V1)11—2V1( -1 U2HZ<1/2>LJ 1

Jj=1 J
1 &= /p—2w\J._; 1 > p—2v1 \J
Ho= Sy LS (e,
q+qu_:0 q+7 1+q—2vljz_(:) 1+g—2n/
B = (1+QI+20nU—pl, L=4v(p—1)U*H?

The following lemma is the main tool in the proofs.

Lemma 4.4 Let condition (5) be satisfied. Then

A = I+V1U+1/2U2@ (30)
AN = T4+0nU+ = U2+ U3+Cq|p—q|(p+q) Ute, (31)
Ay, = nU+ ;V1U2+Vg_3”16V2+2V1U3+06(p+6)3U4®, (32)
Ay = 2pp-7q0, AF=C@)[p-g'e Dm0 (ifn=b>0), (33)
Wi = I+ AU+ AU?+Cp+9)|p—qlpop +7)U6, W1:I+%@, (34)
InW; = A1U+2A22_A%U2+C(p+q)|pq|(p0p+q)U3®, (35)
Wa = Clp—14l(@+[n —pol)US. (36)

For any finite signed measure W on Z and any t € (0,00), we have
el < ¢ W, 37)

Estimate (37) also holds if the total variation norm on both sides is replaced by the local one.

Proof. Some of the estimates improve the ones obtained in [9]. Condition (5) implies that

1 1 1 20 1
- g an’ -2 < P D < P q < an 38
p-nl< g5 Ip-2nl< ¢ 17 S 10 1< 55 (38)
Using straight forward calculus, it is shown that
1 2/ lp=2m| \i 15 1
H|| < ( ) <2 H=——1+01720, 39
I 1—1—6—2V1Z 14+9—2u 13 qg+q * (39)
16
WUIl=2, |IL|<0.04, ||B]|=14+G—2v1+|2v1 —p| <1+ 217 —p| < 5 (40)
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and
1 p— 211 (p—211)?

¢+7  (¢+9°  (¢+79)°
Taking into account (38), (39), (40) and (41) it is easy to obtain (30), (31), (33) and the
second equality of (34). For example, the proof of (30) follows from

H= U+ C(p+79)°U%e. (41)

1/2
A = I+V1U+V1U2<( —v1)H +8vi(p — 1) U2BH4Z<§)LJ 2)
7j=2

1 15 8 4 16
= I+unU+1U? —— 0.047 2
Fnlan (20 3730 202 15 (13) Z )

For the first expansion in (34) note that

=12\ 1
Z( j/ >LJ:I—2L+Cq2!p—q2U49=f+Cq‘p—q‘U2@
=0

Consequently,

1 1 1 1
Wy = §I+§(Q+§)H— Z(Q‘F@HL‘F??UH

+(1—po)(@—p)UH + Cqlp — q|(p + q)U>6.
Moreover,

S+ DH + 5o+ 201~ po)(a — p)UH

2
1 1 p+2(1—po)(@—p) Z"O p—2n
2 2 p—21 = q+q
1 (po—11)(p—17) x= (P —2v1\J _
= I+ ( )U 71+ — 1) (p—qUH.
5 P E p— (po —11)(p—79)

7j=1
Now for (34) it suffices to use (41). The estimate (36) follows from (34) and relation Wy +
Wy = I. Taking into account (30), we get

3 1
A1—125U1U623V1@:TO@

and hence

> = (5)' X () Hvre = cae

j=4 j=4
The proof of (32) now follows from the definition of In A; and (31). The proof of (35), is very
similar to the proof of (32) and is, therefore, omitted. Estimate (37) is shown by applying

o ]+1 )
InAy = AT+ A1 Z 1) I)]72
j=2 J
321/ 1\ 2 7
_ 2 277120 _ 2
= le—i— U @+22 j<10> viU G)—l/lU—i—ﬂl/lU O.

j=2
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In fact, this gives

[we | < [[exp{o90m0 + Limuv2e | [wermv)

In view of Lemma 4.1, we see that

7 ) 1y ) 0.9ty Y |I”
: — < > =l
Hexp{() 9t U + 24tu1U @}H 1+r:1 7“!H24tV1U exp{ . U}
> e’ 21r r
< 1+ ( ) <c. 42
TZ:; r’/2mr 24 - 0.9e ( )
which implies (37). The proof is completed. O

Note that Lemma 4.4 immediately leads to shorter expressions for A; and Wi, e.g.
1%
A =T40nU+ 52U2 +C(p+79)glp —qlU’e.

Further, in the presence of condition (5), we can use Lemma 4.4 to expand F,(t) in powers
of (it), which leads to the exact expressions of ES,, and VarS,, as given in the introduction.
However, it is easily seen that these formulas remain valid, if condition (5) is dropped.

The next results are needed for the estimation of the closeness of TPois(u, o) and
SPois(u,0). We use Stein’s method for the proof. In the remaining part of this section,
we assume that condition (5) is satisfied and ng > 1. Further, let p and o be defined as
in (19), a = | — 02|, and let § be the fractional part of u — o2, see (8). It is not difficult to
check that

1 1 lp—q| ,._ B 20 _ 4
> -, A <=, A <———3(3 2q|p — < —3 2lp — < —,
and hence
ng 9 9 3 nq
2 - A 2 ) 2 - - 2 - > .
pz vy —|A| > 0" p—lot —pl > gu>
since
nvy /|v A? +2|A
0 — | <l — v+ A7 420y < P (12D, ATERARDY )
H 2 nyy 4

Let g : Z — R be a bounded function and set

A9(7) =9+ 1) =9G) G€Z),  lgllo =suplgl, gl = > lg()l-
I€ jEL

Further, let

CT2 —
A1 == 2,“’ - 027 A? - 2 ,LLa SP(g) = Zg(j)SP01S<,U,,O'){]}7
jEL
(A9) () = 2X29(j +2) + Mg( + 1) — jg(j), j € Z.
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Lemma 4.5 Let f : 7Z — R satisfy one of the following conditions: ||f|lec <1, [|f]| <1, or
|Aflloo < 1. Then there exists a bounded function g : Z — R such that, for j € Z,

9(G) =0 (<0),  (AgQ)=f0)—-SP(f) (G =0).

Moreover, if [|flloo < 1, then [|Aglloc < Cu™" If|fI <1, then [|Agl < Cu™" If [|Af]loo <
1, then ||Agllso < Cp=1/2.

Proof. Due to (43), we have

_ A 200” - Ho
2)\2 + )\1 n 2'
Now, the statement of the lemma follows from Theorem 2.1 and Example 3.3 in [3]. O

Let X be a Pois(c? + §) distributed random variable and set Z = a + X. Then Z has
distribution TPois(u, o). Further, we have SPois(u, o) = exp{\U + X2(I2 — I)}.

Lemma 4.6 Let f and g be defined as in Lemma 4.5. If, for some €1 = €1(n,p,q,po) > 0,
[E(A9)(Z)| < e1]|Aglloo, then
| TPois(u1, o) — SPois(u, )| < C(e1p™! + e M),
ITPois(, ) — SPois(1, 0)|[wass < C (e1p™ /% 4+ e7C).
If, for some g9 = e2(n,p,q,po) > 0, |E(Ag)(Z2)| < e2||Ag||, then
ITPois(j1,) — SPois(j1, ) o0 < C (e2u™" +¢~C").

Proof. If a > 0, then we have |Ef(Z) — SP(f)| = |E(Ag)(Z)|, and the statement of
Lemma 4.6 follows directly from the definition of the norms, see, for example, [4, Appendix
A1]. Now, let a < 0. Applying (43) and Bernstein’s inequality (see [1, Theorem 1.4.1 and

comment on p. 37]), we obtain

s /14 Cng
B O N P U A4
A(o% + 5)} ¢ ¢ (44)

Let Z be a random variable on Z, with P(Z = 0) = P(Z < 0) and P(Z = j) = P(Z = j)
for j € N. Without loss of generality, we can assume that f(j) = 0 for j < a. Due to the

P(Z <0)=P(X —EX < —p) < exp{—

assumption made on f, for j > a, we then have |f(j)| < j + |a| + 1. Now, we obtain

-1
[Ef(2) —Ef(Z)| < Z!f(j)\P(Z:j)+!f(0)!P(Z<0)

< Cla|P(Z <0) < Cnge 9" < Ce™ ™ (45)
and
EAZ)-SP(N)l = |3 (1) = SPUP(Z = )| = 12 (Ag)(HP(Z = )
Jj=0 Jj=

0
>_(Aq))P(Z = )

< [E(Ag)(2)] + [(Ag)(0)[P )+

< [E(A9)(2)] + C (I(Ag)(0)] + [(Ag) (1) )P(Z

N
o
\'_/
—~~
N
D
SN—
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Taking into account Lemma 4.5, we obtain
[(Ag)(0)] < (A1 +2[A2))[Ag(0)] + 2[X2[|Ag(1)| < C ul|Agllee < Cng.

Similarly, |(Ag)(—1)| < C'ng. Combining the last two estimates with (45), (46), and (44),

the asserted inequalities are easily proved. O

Lemma 4.7 Let p and o be given by (19), § be as in (8), ng > 1, and let condition (5) be
satisfied. Then

C 1
TPois(p, o) — SPois(u, )| < —,( +*+—,),
| (1, 0) (1w, 0)| J\P it
. . C 1
I TPois(y1,0) — SPois(, 0) o < - (p+a+ =),
ng nq
. . |
||TPOIS(,U, 0) - SPOIS(M, a)“Wass < C(p + q + \/T?) .

Proof. Taking into account that E(Z—a)g(Z) = (¢2+6)Eg(Z+1) and applying Lemma 4.1,

we obtain
E(Ag)(Z2)] = |(6® — wEA?g(Z) — SEAg(Z)
< o = | Aglloo U Y| 4 6] Aglloo
< Clagle( 222 4 6) < Cllagllv/AD +0) + 5),
N/
0'2 0'2
[E(4g)(2)] < \|A9||(|02—u!||Ue( || + 6l +5>U||oo)
0% — u ) 0
< A < A — ).
gl (o5 + ) < Cladl(pra+ =)
Now it suffices to use Lemma 4.6. O

5 Proofs of the theorems

For the proofs of the theorems, we adapt Le Cam’s [23] operator technique, which is mainly
based on signed measures and their convolutions. Though this approach is natural for
distributions of sums of independent random variables, we nevertheless show that it can also
be applied to the Markov binomial distribution. The idea of the proofs of Theorems 3.1, 3.3,
3.5 is the following. The assumptions of this paper allow to write F,, = WAl + WyAL. As
a rule, |[WaAY| is sufficiently small (for Theorem 3.3 this is true if n > 2). It remains to
approximate WA, which we write as an exponential measure exp{ln W; + nlnA;}. Then,
taking into account the properties of exponential measures and applying Lemma 4.4, we
obtain expressions of the form ||U* exp{ni1U}|. Application of Lemma 4.1 completes the
proofs. For the Wasserstein metric we use (2) whenever possible and further on work with

the total variation norm. In general, the method of this paper might be applied when all
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but one eigenvalues of the transition matrix of the characteristic function (see P(t) of proof
of Lemma 4.3) are very small. Otherwise, the main problem would be to get the analogue of
Lemma 4.4. In our case, we take advantage of the explicit dependence of A1 on the transition

probabilities.

Proof of Theorem 3.1. The estimates are proved similarly, so we give the details of (10)

only. We have
|1 Fp — Pois(ESy) || < [ATW1 — Pois(ESy )| + [|A[[[[Wa]|.
Let M1 =nlnAy +1InW; and My = ES,U. Direct calculations show that
A1l < Clp—dllpo —wil,  [A1]* < Clp —al(pop +7),  [A2] < Clp — gl (pop + ).

Applying Lemma 4.4 and the properties of the total variation norm (see Introduction), we

get

1
[AF WA — Pois(BS,,)|| = [l — o] = | /0 (=022 gy

N

! _ tMl—‘r(l—t)MQ < ! _ tnlnAl—l—(l—t)MQ tllanlH
(M — My)e || dt < [(My — My)e | e dt
0 0

N

1
C/ H(Ml *Mg)eo’ltnle+(1_t)M2||etHanlH dt
0

N

1
(M - Mz)eo‘ln”lUll/ %00 exp{0.1(1 — )] A1 — Ai(p — @)"||U |1} di
0

N

Cll(nn Ay = nnU +InWy = A U)W + C [ Ar (p — )" |[Ue ™Y

N

C (ng(p +7) + Ip — al(pop + D) U™V + C |p — q* 11 — pole™ ™.

We used the fact that exp{0.9(1 — t)Ma>} is a distribution. Consequently | exp{0.9(1 —
t)Ms}|| = 1. Similarly, |[Ue%'™ V| < ||[U|| < 2. Moreover, ||[InWi|| < C. Applying
Lemma 4.1, (33), and (36), we obtain

. PR _ s 1 2= _
| Fy—Pois(ES,) | < C (na(p+7)+|p—al(pop-+7)) min (1, Fq) +C lp—a* @+ —pol)e ",
which leads us to (10). O

Above, we mentioned that Theorem 3.1 remains valid, when Pois(ES,,) is replaced by

Pois(nvy + Ay). This follows from the simple inequalities

|Pois(ES,) — Pois(nvy + A1)|| < ||U|||ESy, — (nv1 + Aj)|

< Clp—q%po — vile ™ < Clp — ql(pop + e ™. (47)

Proof of Theorem 3.3. Let n =1 and w = pop+ (1 —po)g. Then F,, = [ +wU, ES| = w,

2My = —w?U? and the proof follows from the expansion

Pois(ESy)(I 4+ My) = I +wU + Cw3U30.
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If n > 2, the proof is similar to the previous one. Applying (36) and (33) we obtain
IAZWs|| < Clp = 9)(pop + @)e ™"
Similarly to the proof of (42), we obtain
ATy — Mo < O |(My — My — Mo)e™ ™Y
For the proof we used the fact that
lexp{0.9(1 — )My + (1 — )Mo}
< Cllexp{(1 —1)0.9n1U + 0.5(1 — t)n(va — v})U?}||
7
< CH exp{o.9(1 — U + S20.9(1 - t)nulUQG)}H <O (48)

The last inequality is a consequence of (42). Similarly,

1 1
HeM2 (Mo _I_MO)H _ HMOQ/ MettMo(1 _ 4 dtH < C/ HMge"V1U+tMO (1 - t)dt
0 0

1
< cHMge0~1"”1UH / H exp{0.9n1 U + tMo}Hdt < O )| mmUpg2).

0
The proof is completed by applying Lemmas 4.4, 4.1, and (2). The estimates for local and
Wasserstein norms are proved in the same way. U

If n > 2, Theorem 3.3 remains valid, when Pois(ES,,) and M are replaced by Pois(nvy +
A1) and ]\70, respectively. Indeed, then

My = Mol < Cnlp =" (|As] + | A2)[UP]| < Crlp — " (po +7)

Cne " (p —9)%(p+7)(po +q) < Cne="(p — 7)*(pop + 9),
Mo < Cn, [ES, —nv— A <Clp—3q" po+7) < Clp—7)*(pop + Qe ™.

N

Now by the properties of the total variation norm
|Pois(ES,,) (I + Mo) — Pois(nvy + A1)(I + Mo)||
< ||[Pois(ES,,) — Pois(nvy + Ap)|(I + My)|| + ||Pois(nvy + Ay) (Mo — ]\%)H
< C(L+||Mo|)|ES, — nin — Au| + C|[ Moy — Mo

and it suffices to use previous estimates.

Proof of Theorem 3.2. Note that

4Ap _ ﬁ|l/2 B 1/2| H(p2”1 )
V2me 2 oy
Therefore,
4A —v?) - A? 424
|F, — Pois(ES,)|| — —2 ‘ < ‘ F,, — Pois(ES,,) (I Ll ) — A E 2U2> H
2me 2
24, — A2
H#UQPOE(ES”) ‘ + Hg(yg — 2)U?(Pois(ES,,) — Pois(m/l))H

||902||1‘

+ Glva — 1| [U%Pois(n) |~ 2
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Now it suffices to use Lemmas 4.2 and 4.1 and Theorem 3.3. The difference between two

Poisson distributions can be estimated via the same approach as used in the proof of Theo-

rem 3.1:
Hg(yg — v2)U?(Pois(ES,,) — Pois(nyl))H
< Crip+ q)HUzenmU /0 (exp{(BS, U nle)t})’dtH
< Cnglp+9)lp—1 HU3 /01 exp{tES, U + (1 — t)nulU}dtH
< Cnalp+9)lp — al|[ %™ V| < o+ Dlp — al(ng) 2.
Estimates for other norms are obtained similarly. U

Proof of Theorem 3.5. Let M3 = uU + (0? — p)U?/2. Taking into account the last

inequality in (48) and arguing similarly to the proof of Theorem 3.1, we obtain

[ATW1 — SPois(u, o)

1 1
< C/ HetMl'i'(l—t)Mg; dt < C/ H(Ml _ Mg)eo.ltnulU-i—(l—t)Mg dt
0 0

< C/O1 H(M1 — My) exp{0.1tninU + (1 — U + 0.5(1 — Hn(ve — u%)UQ}Hdt
< CH(M1 - Mg)eo‘lm’lUH /01 | exp{0.9(1 — H)yninU + 0.5(1 — t)n(vs — v2)U2}|dt
< cfan e
Similar estimates hold for local and Wasserstein norms. Moreover,
My — My =C (p+79)*(ng + |p — g U’®.

Now the proof of Theorem 3.5 can be completed applying Lemma 4.1. U

The proof of Theorem 3.4 follows from Lemma 4.7 and Theorem 3.5.
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