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Often taught:

CLT for binomial random variables. The distribution functions F̃n,p of the

standardised random variables X̃n,p := (Xn,p − np) /
√
np(1− p) converge for

n → ∞ to the standard normal distribution function Φ, namely

lim
n→∞

sup
x∈R

∣∣∣F̃n,p(x)− Φ(x)
∣∣∣ = 0 for each p ∈ ]0, 1[ .

But this is hardly interpretable in any practically meaningful way, since
• mere limit results never are,
• convergence is not uniform in the parameter p.

For example useless for constructing confidence bounds for p, or when trying to
approximate given confidence bounds like Clopper-Pearson’s.

Hence we rather want simple error bounds or other explicit inequalities.

Four theorems, due to Irina Shevtsova (2013), Jona Schulz (2016), Patrick van
Nerven (2024), A.M. Zubkov and A.A. Serov (2012), Michael Short (2023), et al.:



A unified CLT error bound for the three most common discrete laws:

Theorem 1. Let P be a binomial, hypergeometric, or Poisson law, with mean µ
and standard deviation σ > 0. Then

(1)
∣∣∣P(I )− (

Φ
(b − µ

σ

)
− Φ

(a− µ

σ

))∣∣∣ ≤ 0.6879

σ

for every intervall I ⊆ R with boundary points a, b ∈ [−∞,∞] with a ≤ b, and

(2) L.H.S.(1) ≥ 1√
1 + 12σ2

≥ 0.2773

1 ∨ σ

for some such interval.

• If I is unbounded, so one of ]−∞, b[ , ]−∞, b] , ]a,∞[ , [a,∞[ , then the
upper bound in (1) can be halved, the lower bounds in (2) should be halved.

• Rephrased with F the distribution function of P and G := Φ( ·−µ
σ ) :

0.1386

1 ∨ σ
≤ 1

2
√
1 + 12σ2

≤ ∥F − G∥∞ ≤ 0.5410 ∧ 0.3440

σ
≤ 0.5410

1 ∨ σ
.

• 0.6879 not decreasable beyond 1√
2e

= 0.4288 . . . > 1√
2π

= 0.3989 . . . ,

and 0.3440 not decreasable beyond 0.2660 > 2
3
√
2π

> 1
2
√
2e

.



The binomial case sharpened, slightly in general, but more so for p ≈ 1
2 :

Theorem 2. Let P be a binomial law with the parameters n ∈ N and p ∈ ]0, 1[ ,
and hence with mean µ = np and standard deviation σ =

√
np(1− p) > 0. Then

(3)
∣∣∣P(I )− (

Φ
(b − µ

σ

)
− Φ

(a− µ

σ

))∣∣∣ ≤ 0.6379

σ

for every intervall I ⊆ R with boundary points a, b ∈ [−∞,∞] with a ≤ b, and

L.H.S.(3) ≥ 1√
1 + 12σ2

≥ 0.2773

1 ∨ σ

for some such interval.

• Remarks as for Theorem 1, with 0.6879 → 0.6379 and 0.3440 → 0.3190 , so

0.1386

1 ∨ σ
≤ 1

2
√
1 + 12σ2

≤ ∥F − G∥∞ ≤ 0.5410 ∧ 0.3190

σ
≤ 0.5410

1 ∨ σ
.

• ∥F − G∥∞ ≤
1
2+

1
3 |p−

1
2 |√

2π
· 1
σ ≤ 5

9
√
2π σ

= 0.2216...
σ if p ∈ [ 13 ,

2
3 ]

with asymptotic equality for n → ∞ in the first inequality,

∥F − G∥∞ ≤ 3+
√
10

6
√
2π

·
1
2+2

(
p− 1

2

)2

σ if p ∈ ]0, 1[

with R.H.S. < 0.3190
σ iff |p − 1

2 | < 0.3732 . . . .



The benefit of the continuity correction in the symmetric binomial case:

Theorem 3. Let P be a symmetric binomial law with the parameter n ∈ N, and
hence with mean µ = n

2 and variance σ2 = n
4 . Then∣∣∣P(I )− (

Φ
(b − µ

σ

)
− Φ

(a− µ

σ

))∣∣∣ ≤ Φ(−3/
√
2 )

σ2
=

0.01694 . . .

σ2
=

0.06778 . . .

n

holds for every interval I ⊆ R with boundary points
a, b ∈

{
k + 1

2 : k ∈ Z
}
∪
{
−∞,∞

}
with a ≤ b.

• To approximate P({k , . . . , ℓ}) for any k , ℓ ∈ Z with k ≤ ℓ, one applies
Theorem 3 with a := k − 1

2 and b := ℓ+ 1
2 .

• If I is unbounded, then the above error bound can be halved.

• The error bounds are of the correct order in n. (Equality holds for n = 2.)

• There is no simple analogue of Theorem 3 for general binomial laws.



Bounds for the Clopper-Pearson confidence bounds:

Theorem 4. Let n ∈ N and β ∈ [ 12 , 1[ . Then the lower and upper
Clopper-Pearson (1934) β-confidence bounds p = p

n,β
and p = pn,β for the

binomal success probability parameter admit the boundings

p(x) > p̂ − z√
n

√
p̂q̂ +

1 + z2

9

n
−

1 + z2

3

n
=: p(x) ,

p(x) < p̂ +
z√
n

√
p̂q̂ +

1 + z2

9

n
+

1 + z2

3

n
=: p(x)

for x ∈ {0, . . . , n}, where p̂ := x
n , q̂ := 1− p̂, and z := Φ−1(β).

• Lagrange’s (1776) p̃ := p̂ + z√
n

√
p̂q̂ is invalid as a β-confidence bound.

• p , p̃ , p equal up to O
(
1/(np̂q̂)

)
for x ∧ (n − x) → ∞.

• If x = 0, we have p̃(0) = 0 (invalid!), but (assuming n large for “≈”)

p(0) = 1− (1− β)
1
n ≈ and <

− log(1− β)

n
always, . . .

3

n
if β = 0.95 ,

p(0) =
z
√
1 + z2

9 + 1 + z2

3

n
always, =

3.777 . . .

n
if β = 0.95 .


